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ABSTRACT. For a monic irreducible f € Z[x] of degree n and an integer ¢, we study
the palindromic transform F(z) = 2™ f(x + 2~ + ¢), which produces a polynomial of
degree 2n. We give a discriminant formula disc(F') = f(c+2) f(c—2)disc(f)?, sufficient
conditions for the irreducibility of F', and a criterion showing that F' is monogenic
when f is monogenic and f(c + 2)f(c — 2) is squarefree, together with a matching
non-monogenicity criterion. Iterating the transform yields monogenic number fields of
degree 2Fn from a fixed base. As an explicit example, we construct a monogenic field
of degree 512 from x* + z + 1.

1. INTRODUCTION

A number field whose ring of integers is generated by a single element is called monogenic.
Classifying all monogenic number fields has been an open problem in number theory
since Hasse [Has63| proposed it in the 1960s. While the complete characterization still
remains unknown, Gaal provides some classification for number fields of lower degree in
[Gaal9], and several works also construct explicit infinite families of such number fields
in small degrees [LSWY05, SWWO06, LSY12]. In arbitrary degree, these fields are known
to be abundant: Kedlaya [Ked12] shows that for every n > 2 there exist infinitely many
monogenic degree-n fields with Galois group S,; Jones [Jon19] gives infinite families
"™+ A(Bx + 1)™ that are monogenic for infinitely many A; and for pure fields Nguyen-
Dang and Hung [NDH26| give a criterion implying, for instance, that z"™ — rad(n) is
monogenic for every n > 2. In each of these the degree is fixed within the family. Our
interest is instead in an iterable mechanism that reaches arbitrarily large degrees, such
as Castillo’s construction [Cas22], obtained by iterating a fixed quadratic t* — v.

Constructing monogenic fields at cryptographic sizes is motivated in part by lattice-
based cryptography, specifically through the ring learning with errors (RLWE) problem
[LPR10]. We refer to number fields of degree 2° or higher, as used in RLWE-based
schemes such as NewHope [ADPS16], as cryptographic size. Eisentréger, Hallgren, and
Lauter [EHL14] list six conditions that are jointly sufficient to produce an attack on the
search version of RLWE; monogenicity is one of them, required for the reduction from
RLWE to PLWE. Explicit monogenic constructions at cryptographic sizes are therefore
a step toward understanding which rings may give rise to weak RLWE instances.

Grossman and Kim [GK15] found an infinite family of non-abelian monogenic number
fields of degree 6. We generalize their construction to large degrees of the form 2*n
through an explicit palindromic transform.
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Definition 1.1. A polynomial f(z) is palindromic if 2" f() = f(x), where n is the
degree of f(x).

An intuitive definition is that when the coefficients of f(x) are listed in order, including
any coefficients equal to zero, this list stays the same when reversing the order. The
polynomial f(z) = z®+ 22?4 2x + 1 is palindromic, but f(z) = 2+ 32% + 2z + 1 is not.

Given a monic irreducible f € Z[z] of degree n and an integer ¢, define

F(z) = T.(f)(z) = x"fG +x+c> .

This produces a palindromic polynomial F(z) of degree 2n. To construct monogenic
number fields at large sizes, we

e start with a small base polynomial f of degree n where irreducibility and mono-
genicity can be verified directly,

e show that the transformation preserves the properties of irreducibility and mono-
genicity under certain criteria, and

e iterate the transform, verifying these conditions at each step, to obtain monogenic
fields of degrees n,2n, 4n, ..., 2%n for each k.

Our first result gives sufficient conditions for F'(z) to be irreducible over Q.

Theorem 1.2. Let f(x) € Z[x] be an irreducible polynomial of degree n. Let ¢ be any
integer. Construct F(z) = 2" f(L + 2 +¢).

(1) If either |F(1)| or |F(—1)| is not a perfect square, then F(x) is irreducible.
(2) If F(1) and the middle coefficient of F(x) (the coefficient of x™) have opposite

signs, then F(x) is irreducible.

(3) If the middle coefficient of F(z) is 0 or +1, then F(x) is irreducible.

The next theorem gives sufficient conditions for F'(z) to be monogenic. The main mech-
anism behind it is the discriminant identity

disc(F) = f(c+2) f(c — 2) disc(f)?,

proved in Theorem 4.5. Recall that an integer is squarefree if it is not divisible by the
square of any prime. We show that the monogenicity of F'(z) reduces to a squarefreeness
condition on f(c+ 2)f(c— 2).

Theorem 1.3. Let f(z) € Z[z] be monic, irreducible, and monogenic. Let ¢ € Z and
define F(z) = 2" f(z+ 1 4+ ¢). Suppose that B3 is a root of F(z). If f(c+2)f(c—2)
is squarefree and F(x) is drreducible, then Ogpy = Z[B]; in particular K = Q(B) is
monogenic.

The following result shows that non-monogenicity is also preserved under this transfor-
mation.
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Theorem 1.4. Let f(x) € Z[z] be monic and irreducible. Let ¢ € Z and define F(x) =
" f(:p + % + c) . Let a be a root of f(x) and B be a root of F(x). If F is irreducible and

Zle] # Oga), then Z[B] # Og(s).-

Remark 1.5. Assuming the ABC conjecture, iterating the transform starting from a
suitable base polynomial produces infinitely many monogenic number fields of degree
2Fn for each k, as discussed in Section 6.

When ¢ = 0, our transform is the reciprocal substitution x + z + 7! and in that
case many of the tools we use are well-studied in the literature. Jones [Jon21] con-
structed infinite families of palindromic monogenic polynomials; following this line of
work, Barman, Narode, and Wagh [BNW26]| treated the monogenicity of palindromic
polynomials in general. At ¢ = 0 our discriminant identity, monogenicity criterion,
and non-monogenicity result reduce to Lemma 2.1, Theorem 1.5, and Proposition 1.8
of BNW26], respectively. Our work relates to these ideas in two ways. First, we use an
arbitrary ¢ in the transform = + 2! + ¢, which lets us work from a simpler base poly-
nomial and gives us a free parameter to make f(c+ 2)f(c — 2) squarefree. Second, we
iterate the transform itself on a monic irreducible base. Iterating the transform can then
give monogenic fields of degrees n,2n,4n,...,2%n. Concretely, we reach a monogenic
field of degree 512 from the base z* + x + 1 (see Section 5).

In the rest of this paper, we first discuss general properties of palindromic polynomials
and of the transformation 7, (Section 2). We then determine when F(z) is irreducible,
by constructing a reverse transformation (Section 3). Next we examine when F(zx) is
monogenic (Section 4) by finding a formula for the discriminant of F(z) and using the
tower formula to obtain factors of the discriminant of the number field generated by
F(z). Finally, we work through an example of applying our criteria to a polynomial that
has undergone the transformation several times (Section 5).

Acknowledgments. This research was supported by the College of Computational,
Mathematical, and Physical Sciences at BYU. The authors thank Nick Andersen and
Kyle Pratt for their helpful comments.

2. BASIC PROPERTIES OF THE PALINDROMIC TRANSFORM
In this section, we first discuss properties of palindromic polynomials, then the properties
of the transformation 7,, and define the notation we use in the paper.

Lemma 2.1. The product of two palindromic polynomials is palindromic.

Proof. Assume that f(z) and g(x) are palindromic, with n the degree of f(x), and m the
degree of g(z). So, f(z) = 2"f(2) and g(z) = 2™g(2). Let h(z) = f(z)g(z). Note that
the degree of h is n+m. We find h(z) = f(z)g(x) = 2" f(2)amg(L) = a"*™ f(1)g(2) =
2™ h(L). Hence h is palindromic of degree n + m. O

Lemma 2.2. Any odd degree palindromic polynomial contains the factor (z + 1).
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Proof. Let p(x) be a palindromic polynomial of odd degree 2k + 1. Because it has odd
degree, the number of terms in total is even. We write it as

p(l‘) _ Zaz(ﬂfl + :E%—H_i).

=0

We note that ¢ and 2k + 1 — ¢ will always have opposite parity. We see
k
=) =D a(-1+1) =0
i=0
so (z + 1) is a divisor of p(z). O

Definition 2.3. Let ¢ be an integer. Define the transformation 7" by T'(f) = 2™ f(z +
1 + ¢), where f(z) is a polynomial. When the value of ¢ is not clear from context, we
write 7, to indicate the dependence on c. We use the notation T2(f) = T.(T.(f)), and
similarly for higher powers.

Lemma 2.4. Fiz c € Z. Let f € Z[x] have degree n. Define F.(x) = T.(f). Then F, is
a palindromic polynomial of degree 2n.

Proof. Since f has degree n, substituting = + % + ¢ produces terms of highest degree
2™ and 7", and multiplying by z" yields a polynomial of degree 2n. Also, x2”Fc(%) =
a"f(x+ L 4 ¢) = F.(z), so F, is palindromic. O

Lemma 2.5. Fiz c € Z. Then T, is injective from Z[z| to Z[z].

Proof. Let fi, fo € Z[z]. Assume T.(f1) = T.(f2). Because T, always results in a
polynomial with double the degree of the original polynomial, we see the degrees of f;
and fy are equal. Let n be this degree. So,
"filz+ i 4c)=a"falz+21+0)
fil+L4¢)= folz+1+0).
Let a € (—00,¢ — 2] U [c + 2,00). Then we can find an z such that a = z + 1 + ¢
So, fi(a) = fa(a) along that interval. Now, set R = f; — fo. We know that for all
a € (—o00,c—2]U[c+2,00), R(a) = 0. Since R has infinitely many zeros, it must be
the zero polynomial. So, f; = fs. U

Our next result shows that 7, is a multiplicative homomorphism.
Lemma 2.6. Fiz c € Z. Then, T.(f1)Tc(f2) = Te(f1f2)-
Proof. Let n; be the degree of f;. Set f = fifs and n = ny +no. Note that f has degree

n. We have
x"lfl(%—l—x+c)x"Qfg(%—l—x+c):x"f(%+m+c). O
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Remark 2.7. For the rest of the paper, we define F' = F.(z) = T.(f) for some fixed
¢ € Z. Although F(x) depends on the choice of ¢, we omit it from our notation for
simplicity.

Lemma 2.8. Fiz c € Z. The polynomial F(x) does not have zero as a root.

Proof. Write f(z) = apa™ +ap_ 12" '+ -+ a1x + ag, and F(x) = bop@®® + by, 2*" 1 +
-+« +bix+by. The constant term of F' is equal to the leading coefficient of f, so by = a,,.
The leading coefficient of f cannot be zero, so F'(0) = by = a,, # 0, so 0 is not a root. [

3. IRREDUCIBILITY

To ensure that Q[x]/(F(x)) is a number field, the transformed polynomial F'(z) must be
irreducible over Q. One might expect that the irreducibility of f(z) over Q would also
imply the irreducibility of F'(x). However, that is not the case in general, as shown by
the following example.

Example 3.1. Let ¢ = 2 and f(z) = 2% — 2 + 4. Define F(z) = T.(f). Then,
F(z) = (2° + 22% + 4o + 1)(2° + 42 + 22 + 1).
One can easily check that f(x) is irreducible, but F(z) is not.

The strategy for determining when F'(x) is irreducible is as follows. Since F'(z) is palin-
dromic, we first show that any factorization of F'(x) must either be a product of palin-
dromic factors or a product g(z) - 2™g(%) for some non-palindromic polynomial g. We
then rule out each type in turn. The palindromic case is handled by constructing a
reverse transformation, which shows that palindromic factors of F' would give factors
of f, contradicting irreducibility. The g(z) - xmg(%) case is ruled out by simple criteria

involving only F'(1) and F(—1).
We first prove that F' can only be irreducible if f is irreducible.

Lemma 3.2. If f(x) is reducible, then F(x) is reducible.
Proof. By Lemma 2.6, if f = fifo, then F = T.(f1)T.(f2). O

When f(z) is reducible, then one factorization of F'(x) reflects applying the transforma-
tion individually to each factor of f(x). However, these may not be the only factors,
as T.(f;) may be reducible. If f(x) is irreducible, the factors of F(z) follow a different
pattern, as seen in the above example and discussed below.

Tev m

Definition 3.3. For a polynomial g with degree m, define ¢"*" as ¢"*(z) = z

9(3)-
Example 3.4. Given the polynomial g(x) = 223 4+ 722 4+ 9, ¢"*(z) = 92° + Tz + 2.

Lemma 3.5. Given a palindromic polynomial p(x), with degree k, if p has some factor
g, it also has the factor g"". Additionally, g- g™ is palindromic.
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Proof. If g(z) is a palindromic factor of p(z), then g = ¢, and there is nothing to
prove.

Assume that g(x) is a non-palindromic factor of p(z). Let «; be the roots of g(z), and
let m be the degree of g(x). Then, ; is also a root of p(x). Because p(x) is palindromic,
% are also roots of p(x), as 0 = p(y;) = 72’“])(%) By Lemma 2.8, v; # 0, so p(%) = 0.
Then, the polynomial ¢"**(z) = 2™g(%) has roots ﬂ{i Since p(x) has all the roots of ™",
g’ must be a factor of p(zx).

We have
g(x) g (x) = g(x) 2™g(+) = 2" Lg(x) (1) = 2 g(2) g7 (),

"€V is palindromic. [l

hence g - g
Note that not every non-palindromic factor g will satisfy p = ¢ - ¢"*", but for any non-
palindromic, irreducible factor g, we have +¢g¢" is a factor of p.

Lemma 3.6. For any non-palindromic, irreducible factor g of a palindromic polynomial
p, we have £gq™®" is a factor of p.
Proof. Since g | p, we also have g™ | p. If g and ¢"*” are coprime, then gg™" is a factor
of p. Thus, it remains to consider the case where ¢ and ¢"*’ are not coprime. Since g
is irreducible, the only possibilities are ¢ =z +1org =2 — 1. If g =2 + 1, then g
is palindromic. If ¢ = = — 1, then ¢" = 1 — . We must have p(x) = gh for some
polynomial h, since g is not palindromic. Then,

plx) = a*p(3) = aMg(3) - 2™h(}),
where k is the degree of p, and ki, ko are the degrees of g, h respectively. So (x — 1)h =
—(z = A", or h = —h". Then h(1) = —(1)*h(3) = —h(1), so h(1) = 0. We can
then factor out (x — 1) from h such that there exists a polynomial ¢(z) that satisfies
p(x) = (z = 1)(z — 1)q(z). So £gg""|p(). 0

We now classify the possible factorizations of a palindromic polynomial.
Lemma 3.7. A reducible palindromic polynomial of even degree factors in one of the
following ways:

(1) F =p;---p, where each p; is a palindromic polynomial of even degree or

(2) F =+g- g™, where g is a non-palindromic polynomial.
Proof. Assume that F' is reducible. We work by cases based on whether the irreducible
factors are palindromic or not.

Case 1: The factors of F(x) are all palindromic. Any odd degree palindromic polyno-
mial contains the factor (x + 1) (2.2). So the only irreducible odd degree palindromic
polynomial is (x + 1). There must be an even number of these because F' has even
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degree. As such, we can combine any of those factors together to create an even degree
polynomial. This is option (1).

Case 2: The factors of F(x) are not all palindromic. By Lemma 3.5, if F'(x) has a non-
palindromic factor g, it also has the factor ¢"¢”, and the product g - g" is palindromic.
If F factors into a single such pair g - ¢"", this is option (2). If F' has multiple such
pairs, or a single pair and some palindromic factors, we can combine each pair into a
palindromic polynomial p;, giving option (1).

In all cases, F' falls into option (1) or option (2). O

Tev

The following criteria determine when F' cannot factor as g-¢"’. We give the proof from

[CC17] for the sake of completeness.

Lemma 3.8. Let F(x) be a palindromic polynomial with degree 2n.
(1) If|[F(1)] or |F(—1)] is not a perfect square, then F(x) cannot factor as +g(x)g""(x).

(2) If F(1) and the coefficient of " of F(x)—the middle coefficient of F(x)—have
opposite signs, then F(z) cannot factor as £g(x)g""(z).

(3) If the middle coefficient of F(x) is 0 or 1, then F'(x) cannot factor as £g(x)g""(x).

Proof. We work contrapositively. Assume that F(z) = +g(x) - ¢"’(z). For (1), we find
that
[F(E1)] = lg(£1)g"" (£1)] = [g(£1)(F1)"g(£1)| = [g(£1)?|.

For (2), write g(x) = ag + a1z + - - - + a,2"™. The middle coefficient of F(z) = +¢g - g™
is +(ag + a? + --- + a?), where the sign is the same + as in F(z) = +g - ¢"*. Since
F(1) = £g(1)* carries the same sign, then the coefficient of z™ of F(z), which is the
middle coefficient of F(z), and F(1) have the same sign.

For (3), writing g(x) the same way, the middle coefficient of F'(z) is £(a2+a?+---+a?).
If this is 0, then g(z) is the zero polynomial. If this is £1, then g(z), which must have
integer coefficients, can only have one non-zero coefficient. We can write it as g(z) = d=a*
for some k, and so g"(x) = 1. F(x) cannot equal g - g"*" because F(x) = 2" is not
palindromic. O

If F' does not factor as g - ¢"¢’, then it must either be irreducible or factor as a prod-
uct of palindromic polynomials. To rule out the latter case, we construct a reverse

transformation for palindromic polynomials.

Lemma 3.9. Fix c € Z. Consider the recursively defined sequence of polynomials hy,
where

hi(z) = (x —¢) - hg—1(x) — hg—a(x) for all k > 2.



8 ADHIKARI, PLOTT, AND TORGERSEN

Then, each hy is a polynomial with integer coefficients, and hk(% +z+c)= xik + z*.

Proof. We proceed by induction on k. For k = 0, we see ho(: + 2+ ¢) = 25 4 2°. For
k=1, wesee hy(L+x+c)=L+z Assume for some n € N that h, (X +z+c) = = +a"
and that hn_l(% +z+c¢) = zn%l + 2" 1. Assume h,, and h,_; are polynomials with
integer coefficients. We find

bt ta+ce)=E+z+c—c) ha(E4+z+0)—hia1(E+a40) = 5 + 2"

Because h,, 1 is the product and sum of polynomials with integer coefficients, then h,,
is also a polynomial with integer coefficients. U

Remark 3.10. The polynomials hj are shifted Dickson polynomials of the first kind.
Specifically, hg(z) = Dg(z — ¢, 1) where Dy (z, ) denotes the Dickson polynomials with
parameter « (see [LMT93]).

The following lemma constructs the reverse transformation.
Lemma 3.11. Fiz ¢ € Z. Given a palindromic polynomial F(x) of degree 2n, we write
F(z) = apz™ + Z ap(z"7F 4 "R
k=1
and construct
f@) = ao+ ) arhi(x)
k=1
where each hy, is determined by the given c value. Then, :E”f(% +x+c)=F(x).

Proof. We directly apply the transformation 7, to the constructed f(z). We find

a"f(L+a4c)=2a" <a0+2akhk(%+x+c)> = F(x).

k=1

Because F'(x) is palindromic of even degree, it has a center term agz™, and the coefficients
of "% and z"** are equal, so the representation above is valid. O

Proposition 3.12. If f(x) is irreducible, then F'(x) cannot have any palindromic factors.

Proof. We work contrapositively. Suppose F'(z) has palindromic factors. For simplicity,
write this as only two factors, F} and Fy, both even-degree palindromic polynomials, but
not necessarily irreducible. To see they must be even degree, we know that (z 4 1) is a
factor of every odd degree palindromic polynomial (2.2), so we can split any odd degree
factors into (x+1)- F; where F; has to be of even degree. Because F'(x) has even degree,
it must have an even number of these x + 1 factors, which we can multiply together to
become an even degree polynomial. By Lemma 2.1, the product is palindromic.
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According to the reverse transformation in Lemma 3.11, we know we can create f;(z)
and fo(z) such that T.(f1) = F1 and T.(f2) = F;. We then see that

F=FF=T.f1) T.(f2) = T.(f1f2).

By Lemma 2.5, because our transformation is injective, we know that fif, = f. So f(x)
is reducible. U

We now combine this result with Lemma 3.8 to prove Theorem 1.2.

Proof of Theorem 1.2. By Proposition 3.12, since f(x) is irreducible, then F'(z) will not
factor as palindromic polynomials. According to Lemma 3.8, if criteria (1), (2) or (3) is
fulfilled, then F'(z) doesn’t factor as g - g"*. Hence F'(x) must be irreducible. O

Remark 3.13. Observe that f(c+2) = F(1) and f(c —2) = £F(—1). Although f(x)
may have an odd degree power, any further T%(f) will have even degree. Since ¢ € Z
and f has integer coefficients, F' has integer coefficients. Checking whether |F'(1)| or
|F'(—1)] is a perfect square requires only evaluating the polynomials at two integers, and
checking to see if those are perfect squares. These operations remain feasible even at
cryptographic degree.

4. MONOGENICITY

In this section, we show that if f generates a monogenic number field, then so does
F under a simple squarefreeness condition. Throughout the monogenicity discussion,
we assume that F' = T,(f) is irreducible; recall that irreducibility can be certified by
Theorem 1.2. Our main objects of study in this section are the number field K, its
ring of integers O, and its discriminant disc(K). We assume some familiarity with
these objects and their basic properties; further background and details can be found in
[Neu99].

Definition 4.1. Let f(z) € Z[z] be a monic polynomial of degree n with roots s, . . . , .
The discriminant of f is

disc(f) = H (o — ;).

1<i<j<n
We use the following discriminant criterion.

Theorem 4.2. Let f(x) be a monic irreducible polynomial with integer coefficients, « a
root of f, and K = Q(«). Then Ok = Z[a] if and only if disc(f) = disc(K). In this

case o generates Ok, so K is monogenic.

Proof. The discriminant of f(x) equals the discriminant of Z[«a], where « is a root of
f(z). Since O contains Z[a], the index formula (see [Neu99] Proposition 2.12) gives

disc(Z[a]) = disc(K) [Ok : Z[a]]>.
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If disc(f) = disc(K), then the two discriminants are equal, so [Of : Z[a]]* = 1. Hence

Ok : Z]a]] =1, so O = Z]a] and « generates Of.
Conversely, if Ox = Z[a], then [Ok : Z[a]] = 1, and the same index formula gives
disc(f) = disc(K). O

Remark 4.3. Throughout the paper, when we say f is monogenic we mean disc(f) =
disc(K), i.e. that the root «v of f itself generates Of.

Observe that when f(z) is monic, F(z) = 2" f(z + 2 + ¢) is also monic, with leading
term 22". We consider only monic polynomials.

To compute the discriminant of F(z), we first determine its roots.

Lemma 4.4. Let f(z) € Zlz] be a monic polynomial with roots o, ..., a, and define
F(z) =a"f(z+ 1 +¢). Then the roots of F(z) are

(i —¢) £ /(o; — )2 —4
5 ;

1=1,...,n.
Proof. First write f(x) = [];_,(z — ;). Then we have

1 = 1 n
F($):$nf<$+5+6> ng(xw—g—i-c—ai) :gx2+(c—ai)x+1.

Hence the roots of F(x) are the roots of the quadratics 2%+ (c—«;)z+1 = 0 for each i €
{1,...,n}. The result then follows by applying the quadratic formula. O

Using the explicit description of the roots of F'(z), we now compute its discriminant.

Theorem 4.5. Let f(z) € Z[z] be monic and separable of degree n, and let ¢ € Z. Then
disc(F) = f(c+2)f(c — 2)disc(f)?.

Proof. By Lemma 4.4, the roots of F' are

a; —c) £ +/(o; — )2 — 4
g = WTOEVIZTA
where aq,...,q, are the roots of f. Since F' is monic of degree 2n, its discriminant is
the product of (8, — B;5) over all unordered pairs of distinct roots. These pairs are of

two types.

Same index. The pair (f; 4, ; —) arising from a single root «; of f contributes

(/62‘,4_ — ﬁi’_)z = (Oéz' — C>2 —4 = (Oéi - (C + 2)) (Oéi - (C - 2))
Taking the product over ¢ and using [[,(a; —t) = (=1)" f(t),

1B = B8 = (=1)"flc+2)- (=1)"f(c=2) = flc+2)f(c - 2).

=1
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Distinct indices. Write A; = a; — ¢, so that the roots of F are ;1 = %(AZ + /A7 — 4),
and set B; = A? — 4. Fix i # j. The four differences Bie — Bjs all have the form

%((AZ —A;)£ VB £, /Bj), so pairing them by the sign of \/B; and applying (a—b)(a+
b) = a* — b? with a = A; — A; gives

1
[T Bic—80) = T ((Az' — 4= (VBi— v BJ)Q) ((Az' — 4= (VBi+ v Bj)2>-
e,0e{+,—}
Applying the difference of squares once more, this equals %6 (((Al — A;)?— B, — Bj)* —
4BZ~B]~), and since (A; — A;)* — B; — B; = —2A4;A; + 8 we obtain

[T Bic—8is) = % <<_2Az’Aj +8)7 —4(A7 — 4)(47 - 4)) = (Ai—4))" = (ai — )",
e,0e{+,-}

Each such pair contributes its square to disc(F'), so multiplying over all i < j,

H H(ﬁi,e — 5;‘,6)2 = H(Oéz' - Oéj)4 = disc(f)*.

i<j €0 1<j
Combining the two contributions, disc(F) = f(c+ 2)f(c — 2) - disc(f)?. d

To apply Theorem 4.2, we relate the discriminant of Q[z]/(F) to the quantities com-
putable from f. We do this using the following general result from [Coh93] (Proposition
1.4.8).

Theorem 4.6. For any two number fields A C B we have disc(A)PA|disc(B).

The following proposition establishes that Q(«) C Q(3), where  is a root of F(z) and
a = B+ 7! + ¢, which allows us to apply Theorem 4.6.

Proposition 4.7. Let f € Z[z] be monic and irreducible. If B is a root of F' and o =
B+pB" +c, then ais a root of f. In particular, Q(a) C Q(B) and [Q(B) : Q(a)] € {1,2}.

Proof. Let 8 be a root of F(z) ie. F(f) = 0. Plugging in x = [, we get F(5) =
B f(6+ % + ¢). By Lemma 2.8, 5 # 0. Hence we must have f(5 + % + ¢) = 0. Define
o=+ % +c¢. Then « is a root of f. Clearly 8 € Q(3), % € Q(B), and ¢ € Q. Tt follows
that o € Q(5). Since Q(«) is a simple extension, it is by definition the smallest field
extension containing both Q and «. Therefore Q(a) C Q(p).

From a = 8 + 87! + ¢, multiplying through by 3 gives
B —(a—c)f+1=0,
so (3 is a root of the non-zero polynomial g(z) = 2? — (a — ¢)r + 1 € Q(«)[x]. Since

degg = 2, the minimal polynomial of § over Q(«a) divides g, giving [Q(5) : Q(«o)] €
{1,2}. O

Corollary 4.8. With the same notation as Proposition 4.7, suppose F(z) is irreducible.

Then [Q(5) : Q(a)] = 2.
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Proof. If F(z) is irreducible, then we have [Q(f5) : Q] = 2n and since [Q(«) : Q] = n,
by the multiplicativity of field extension degrees (see [DF04] Sec. 13.2, Theorem 14) we

obtain [Q(8) : Q(a)] = 2. O

Theorem 1.2 gives the criteria for when F' is irreducible. In that case Corollary 4.8 gives
[Q(S) : Q(a)] = 2. Then applying Theorem 4.6, we have

disc(Q(a))? | disc(Q(B))-
Assuming f is monogenic, we have disc(f) = disc(Q(a)), so we obtain disc(f)? |

disc(Q(B)), and we may write disc(Q(3)) = disc(f)? - k for some integer k.

We now compute the discriminant ratio and give a proof of Theorem 1.3. The calculation
is

disc(F) disc(f)? - flc+2)f(c—2)
disc(Q(p)) disc(f)? - k
 fe+2)f(e-2)
k
= [Og(s) : Z[B)

Proof of Theorem 1.3. We have

flc+2)f(c—2
0z = T DICZD)
Since the index squared is an integer, it divides f(c+2)f(c—2). Assume f(c+2)f(c—2)
is squarefree. Then its only square divisor is 1. Hence we must have [Of : Z[3]] = 1, so
Ok = Z|B] and the field is monogenic. O

Remark 4.9. Note that f(c+ 2)f(c—2) will be squarefree when f(c+ 2) and f(c —2)
are individually squarefree, and have a greatest common divisor of 1.

We now discuss how to guarantee that F'(z) is not monogenic and give a proof of Theo-
rem 1.4. For this, we use the following result from [Neu99] (Chapter III, Corollary 2.10),
which we state here in terms of discriminants using Theorem 2.9 of the same reference. !

Proposition 4.10. For a tower of number fields K C L C M, one has
disc(M|K) = disc(L|K)ME . Ny g (disc(M|L)).
Proof of Theorem 1.4. We work contrapositively. Let K = Q(«) and L = Q(5). Let

I, = [Ok : Z[a]] and I5 = [Oy, : Z[8]] = 1. Then we have disc(f) = I2disc(K) and
disc(F) = disc(L). We know that disc(F) = disc(f)? - f(c+2)f(c —2), so we obtain

disc(L) = (I2disc(K))* - f(c +2) f(c - 2).
Hence
(4.1) disc(L) = Iidisc(K)? - f(c+2)f(c — 2).

IThe original theorem in the reference is given in terms of the different rather than the discriminant.
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By Proposition 4.10 applied to the tower Q C K C L with [L : K| = 2, we also have
disc(L) = Nk g(disc(L/K)) - disc(K)>.

Since O, = Z[f] by assumption, we have Z[5] C Ok|[B] € Op = Z[f], and hence
Oxk[B] = Or. Recall that 3 satisfies the polynomial g(z) = 22 — (a« — ¢)x + 1 € K|[z].
Then we can write disc(g) = [Of : Ok[B8])* - disc(L/K) = 1 - disc(L/K) = disc(L/K).
Hence disc(L/K) = disc(g) = (a — ¢)* — 4.

We compute the field norm as the product of the conjugates:

n

NK/@((a —c)? — 4) = H ((ozi —c)? — 4)

i=1
= flc+2)f(c—2).
Hence the tower formula gives disc(L) = f(c+2)f(c—2)-disc(K)?. Comparing with (4.1),
Iidisc(K)? - f(c+2)flc—2) = flc+2)f(c —2) - disc(K)2.

Dividing both sides by disc(K)? - f(c + 2)f(c — 2) gives I} = 1, and hence I, = 1.
Therefore Ok = Z|a] and f is monogenic. O

5. EXAMPLES

In this section, we list an example of a monogenic number field of degree 2° = 512
generated using our construction.

We remind the reader of the notation T, where F(z) = T.(f) = 2" f(: + x + ¢) where
n is the degree of f, and c is a fixed integer. We write T.(T.(f)) = T2(f), and so on for
additional iterations.

We consider polynomials of the form f(x) = z*+nz+n for n € Z. A direct computation
gives f(—1) = 1. Observe that with ¢ = 1, we have ¢ —2 = —1, so Remark 3.13 gives us

Ti(HD) =f3),  T(H(-1)=f(-1)=1
Since f(c+2)f(c—2) = T1(f)(1) T1(f)(—1), the squarefree condition simplifies to square-
freeness of T1(f)(1) = f(3). We first show that TF(f)(—1) = 1 for every k.

Lemma 5.1. For f(x) = z* + nx +n with c = 1, we have TF(f)(—=1) = 1 for all k > 0.

Proof. The base case f(—1) = 1 is immediate. For the inductive step, assume that
TFHf)(=1) = 1. Since TFE(f)(—1) = (—1)dengkfl(f)T1k’1(f)(—1) by construction,
and degTF'(f) = 4 - 281 is divisible by 4, we have (—1)%7 () = 1. Therefore
TF(f)(-1) =1L A

Using a computer algebra system, one can easily find specific values of n for which f is
irreducible and monogenic. For example, the values n € {—5,—-3,—-2,—-1,1,2,6,7} all
give monogenic fields. We take n = 1 and ¢ = 1 for simplicity, which gives f = #*+ 241
with disc(f) = 229 and with f(3) = 85 = 5-17 squarefree. Since f has degree 4, after k =
7 iterations, we obtain a field of degree 4-27 = 512 (assuming the transformed polynomial
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is irreducible at each iteration) which is a standard cryptographic parameter size. Recall
that to verify monogenicity of this field, we need to check that T} (f)(3),...,TP(f)(3)
are all squarefree. In particular, the monogenicity of the degree 512 field follows from the
squarefreeness of TP(f)(3). We verified this computationally using SageMath [Sag26].
Squarefreeness was checked by complete integer factorization of each TF(f)(3).

k degT{(f) #digits of TF(f)(3) squarefree
1 8 5 v
2 16 10 v
3 32 20 v
4 64 39 v
D 128 7 v
6 256 154 v
The first few values are
T!(f)(3) = 28993

I
T2(f)(3) = 2232559585
T3(£)(3) = 10649905326423671233,

each of which is squarefree (see Appendix A for the full factorization).

Remark 5.2. The same squarefreeness also certifies irreducibility. For £ > 1, we have
THA)W) = TE()(3) and [TE(F)(~1)] = 1 by Lemma 5.1. Since TE1(f)(3) is
squarefree and not %1, it is not a perfect square, so Theorem 1.2 condition (1) makes
TF(f) irreducible. Inductively from the base f, this gives irreducibility at every level up
to T7(f).

Therefore, T} (f) generates a monogenic number field of degree 512. Similar analysis
can be performed on f for other values of n; however, we believe such computations to
become increasingly expensive for larger values of n.

6. OPEN QUESTIONS

It is widely conjectured that a polynomial f € Z[z] with no repeated roots and no fixed
square divisor takes infinitely many squarefree values; Granville [Gra98] showed this
follows from the ABC conjecture. We therefore propose the following conjecture.

Conjecture 6.1. Let f € Z[x] be monic, irreducible, and monogenic, and set g(z) =
flz+2)f(x —2). Suppose g has no repeated roots and no fived square divisor, and that
T.(f) is irreducible for infinitely many c. Then T.(f) generates a monogenic number
field of degree 2n for infinitely many c. In particular, the transform produces infinitely
many monogenic number fields of degree 2n.

We leave the reader with the following questions.
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(1) Our monogenicity criterion requires checking that f(c+2)f(c—2) is squarefree. It
remains an open problem in algorithmic number theory to find a simple procedure
to check whether an integer is squarefree or not [AM94]. Are there efficient
algorithms to check squarefreeness without needing factorization??

(2) For which base polynomials and values of ¢ does the transform produce Galois
extensions? Can one characterize when Q(/3) is Galois directly in terms of f and

c?

(3) Conditional on the ABC conjecture, our transform produces infinitely many
monogenic fields of each degree 2*n for each k. Can this be proved uncondi-
tionally?
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APPENDIX A. EXPLICIT INTEGER EVALUATIONS FOR THE DEGREE-512 TOWER

Recall f(z) = 2* + x + 1 and ¢ = 1. Monogenicity of T¥(f) at each level follows
from the squarefreeness of 77 '(f)(3), verified in SageMath [Sag26] by complete integer
factorization. We record the evaluations TF(f)(3) below.

TLH(f)(3) = 28993

TZ(f)(3) = 2232559585

T3(f)(3) = 10649905326423671233

THf)(3) = 211634739909134148439038192622160909185
For k = 5,6 the values have 77 and 154 decimal digits:

TP (f)(3) = 761497722785145733802643130100487172699662922526516367171686794899
46080667393

TE(£)(3) = 921020040958811596782145348249787663241338232018080540010965885958
93111584217467807050862834202304001872522096504800488170176576078432230695065
88383235585

We now give the full factorization of these integers from SageMath to establish that they
are squarefree.

THf)(3) =79 - 367

T2(f)(3) = 5- 11437 - 39041
T3(f)(3) = 19 - 333323 - 1681616129009
TA(f)(3) = 5 - 13921 - 3040510594197746547504319985951597



MONOGENIC FIELDS OF CRYPTOGRAPHIC SIZE 17

TP(f)(3) = 23 - 18859 - 135043 - 1082987312549587 - 1200401878325723969744954187178
965938599958281402589

TE(f)(3) = 5-103435369 - 9434375759 - 2401020462143 - 17516469089252729797 - p, where
p = 448822282438456121120271618065413413279475942248082183474129229571930410
78034608366905827295622491336337.
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